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Epigraph

If all the trees on Earth were pens and the ocean ’were ink,’
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Surely Allah is Almighty, All-Wise.

—Qur’an, Luqman 31:27
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interest: high-performance computer system architectures. ”

The above paragraphs show a few of my endeavors. Unfortunately, in my

country, Indonesia, the industry is not there, let alone the research in this area. I

need to go somewhere to fulfill my curiosity. Upon consulting with my undergraduate

professor, Prof. Yudi Satria Gondokaryono, he suggested I apply for a Ph.D. at UT

11



Austin. Following his advice, I applied, and I was admitted to the Ph.D. program in

Electrical and Computer Engineering at UT Austin. I was happy, but at the same

time, I was afraid. I never did any research related to computer architecture during

my undergraduate studies. I saw my friends were more ready for research in this field

than I was. I needed to make extra efforts to catch up with research while trying to

survive the graduate courses I took during the first four semesters.

I am so lucky to have Prof. Lizy K. John as my advisor. I learned so much

about the foundation of performance evaluation of computer systems and workload

characterizations. Since I am deeply interested in Graphics Processing Units (GPUs),

Prof. John gave me research topics related to GPUs. GPUs have been my friend since

high school, primarily for playing games and running Folding@Home. Accelerating

applications using GPUs is one of my research interests. Thanks to Dell Technologies

and the Texas Advanced Computing Center (TACC), I was so excited to have access

to the latest and greatest GPUs, which I would not get anywhere in Indonesia. The

project that becomes part of this dissertation is also about GPUs, a collaboration

with ExxonMobil Technology and Engineering Company.

My dissertation discusses the novel algorithm of wave simulation using the

discontinuous Galerkin (dG) discretization method and how to accelerate the sim-

ulation using modern hardware. Wave simulations are used in many applications,

both in industry and academia. The dG method promises lower communication costs
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are usually used in the industry. Combined with the Gauss-Lobatto-Legendre (GLL)

integration scheme on straight-faced hexahedral elements, the number of BLAS oper-
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of HBM2 memory on the NVIDIA Tesla V100 GPU. The next step is to perform

architecture-aware optimizations of the wave simulation, described in detail in my

dissertation. The optimization techniques used here can be generalized for other

memory-bound workloads that run on GPUs. Although performance improvements

after optimization are highly satisfactory, the wave simulation is still memory-bound.

Another issue with the GPU version is that it needs to be scalable across mul-

tiple GPUs to handle larger problem sizes. The CPU codes use p4est to partition and

distribute the mesh across CPUs where Message Passing Interface (MPI) is used to

perform synchronization of data (i.e., ghost exchange) between CPUs. Unfortunately,

p4est does not support GPUs, and thus, I have either to build the mesh handling

library from scratch or add GPU support to p4est. The latter makes more sense and

saves significant development time. I implemented ghost exchange mechanisms on

GPUs, which can utilize NVIDIA GPUDirect RDMA technology for inter-GPU com-

munication through InfiniBand and CUDA-Aware MPI that supports asynchronous

progression, achieving near-perfect weak scaling.

Even though optimization techniques have been applied, GPU implementa-

tion still suffers from intra- and inter-device communication bottlenecks. Therefore,

I devised several strategies to reduce the communication overhead of the GPU im-

plementation and improve its overall performance. The first part aims to reduce

the intra-device communication overhead between the GPU’s on-chip and off-chip
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memory. In contrast, the second part aims to reduce inter-device communication in

multi-GPU implementation by reducing the amount of data transferred during the

ghost exchange. Again, the methods presented here are generic and can be used for

other scientific applications.

Finally, in addition to GPU, I explored processing-in-memory (PIM), an emerg-

ing computing technology that allows computation to be performed where the data is

stored. PIM promises to solve the memory wall with modern hardware architecture,

especially for memory-bound workloads, since the data does not need to be brought

from off-chip to on-chip memory to perform the computation, significantly reducing

the data movement overhead. Thus, using PIM for dG-based wave simulation could

improve the simulation performance and increase energy efficiency. In fact, to the

best of my knowledge, this is the first effort of utilizing PIM for wave simulations.

However, being the first adopter has its penalties; no compiler or software stack can

be used to port the applications to utilize PIM. Therefore, I have to map the wave

simulation manually, from optimizing the layout of the data on memory to maximiz-

ing parallelism to synchronizing data between memory blocks. It is tedious work and

difficult to debug; however, the results outweigh the efforts, as described in detail in

this dissertation. I hope that exploring PIM in this dissertation sets an example of

the feasibility of PIM in accelerating high-performance scientific applications. Thus,

more people are interested in researching this area, building ecosystems, and making

PIM more accessible to the general public.

To wrap up, this dissertation is the product of my Ph.D. journey for six and a

half years. After all of this time, I am happy to say that, with this dissertation, I have

achieved most of what I described in my statement of purpose. Of course, I will not

stop here; I am continuing my research in this area after getting my Ph.D., helping

advance computing one step at a time. I hope the readers find it helpful and enjoy

reading every part as much as I enjoyed my Ph.D. journey. As an Indonesian proverb

describes, no ivory is not cracked, I understand this dissertation is imperfect. Thus,

I would be more than happy to receive any feedback or questions from the readers.

14



Abstract

Algorithmic and Architectural Optimizations for

Discontinuous Galerkin Finite Element Simulations

Bagus Hanindhito, PhD
The University of Texas at Austin, 2025

SUPERVISOR: Lizy Kurian John

Large-scale wave simulations are employed in various fields, including medical

imaging, oil and gas exploration, earthquake hazard mitigation, and defense systems.

Since these applications typically require repeatedly finding solutions of the wave

equation on supercomputers, reducing both time-to-solution and energy-to-solution

is crucial. This dissertation investigates the main bottlenecks in a class of wave

simulations that utilize the dG finite element method with a GLL integration scheme

on straight-faced hexahedral elements and proposes algorithmic and architectural

optimizations to improve their performance. While this approach’s computational

cost is lower than the general mesh due to the reduced BLAS operations comprising

only Level-1 BLAS, they are still too costly for many high-fidelity, industry-relevant

applications. Furthermore, the existing implementation uses general-purpose CPUs,

which may not be the most efficient hardware due to the considerable predictability

in the execution flow, regularity in memory accesses, and, most importantly, the

abundant parallelism that can be extracted.

The first contribution of this dissertation is accelerating the dG-based wave

simulations using GPU. It is not a trivial task to port the CPU codes into GPU and

achieve high speed-up, and thus, a set of hardware-informed algorithmic optimizations
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are proposed and implemented. Compared to basic GPU implementation, fusing the

kernel and using LUT for storing mesh structure yield up to 2.6× speed-up. Optimiz-

ing the utilization of shared memory and registers brings an additional 1.49× perfor-

mance boost. In addition, multi-GPU support is implemented to support large-scale,

industry-relevant problem sizes. Optimization strategies are proposed to minimize

intra- and inter-node communication overhead, including a) reduction in data size for

communication, resulting in reduced communication overhead by 70.27%, and b) the

use of MPI with GPUDirect and asynchronous progression, further cutting overhead

by 82.03%. With these optimizations, the GPU implementation of wave simulations

achieves weak scaling across 128 GPUs.

The second contribution of this dissertation addresses the intra-device and

inter-device communication overhead that limits the attained performance of dG-

based wave simulations. It proposes a set of communication-reducing algorithms to

reduce communication overhead between on-chip and off-chip memory (intra-device)

and between the devices across many compute nodes (inter-device). The proposed

algorithms can reduce intra-device data movement overhead resulting in performance

improvements: 1) Node-tiling delivers an average performance improvement of 20%,

with up to 37% better performance compared to the kernel without node-tiling and

additional 15% added performance if shared memory is used optimally; 2) unified

kernel enhances performance by an average of 22%, with additional 11% and 7% per-

formance boost if shared memory is used optimally. The inter-device communication

overhead is also reduced: 1) Face-Node-Only ghost exchange results in an average

of 82% lower inter-device communication overhead compared to the existing CPU

code; 2) Reduced-Precision ghost exchange results in 49.17% and 74.06% reduction

of communication overhead, using single- and half-precision data types.

The third contribution of this dissertation is developing memristor-based PIM

architecture to accelerate the dG-based wave simulations. PIM promises to alleviate

the memory bottleneck in von Neumann architectures. The architectural enhance-

ments to PIM tailored to support wave simulations are proposed, including the mem-
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ory blocks interconnect, the look-up table for storing mesh structure, and complex

computation offloading. In addition, optimization efforts are performed, including

optimized data layout for reducing inter-memory block communications, batched ex-

ecution to support larger problem sizes, expanded execution to increase row-parallel

operations, and pipelining to improve the throughputs. These optimization efforts

led to performance improvements and reduced data movement, achieving an average

speed-up of 41.98× and energy savings of 12.66× over the GPU implementation.

Finally, it is important to note that efficient strategies for computing acoustic

and elastic wave equations on GPUs and PIMs can also be applied to electromagnetic

waves, given their structural similarities. The methods, strategies, and techniques dis-

cussed in this dissertation have broader applicability across various fields, highlighting

the overall importance of this work.
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Chapter 1: Introduction

Wave simulations have become an important topic in science and engineer-

ing, with a wide range of applications. This dissertation investigates the perfor-

mance of discontinuous Galerkin (DG) discretizations in large-scale wave simula-

tion. Speci�cally, it uses the Gauss-Lobatto-Legendre (GLL) integration scheme

on straight-faced hexahedral elements to reduce the computational cost compared

to general meshes. However, they are still prohibitively expensive for many high-

�delity, industry-relevant applications. With its unique challenges, modern GPUs

and emerging architectures, such as Processing-in-Memory, can potentially make such

high-�delity simulations feasible.

Figure 1.1: A marine seismic survey over a large area is conducted to gather data for
full-waveform inversion by creating seismic waves. Hydrophones capture these waves
as they re
ect. The survey area must be discretized into a mesh containing many
smaller elements, each with multiple nodes, for computer simulations.

This chapter provides a brief introduction to the research subject of this dis-

sertation. It describes the context of the problem (Section 1.1) and the motivation
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for conducting research in this area (Section 1.2). From these, the objectives of the

research are formulated (Section 1.3) along with the thesis statement (Section 1.4).

Finally, it provides a list of contributions of this dissertation (Section 1.5) and the

structural organization of this dissertation document (Section 1.6).

1.1 Problem Description

Full-wave�eld inversion, as described by Lacasse et al. (2018); Fathi et al.

(2016), is a cutting-edge technique used to determine the material properties of the

Earth's subsurface. These estimated properties provide various opportunities, includ-

ing locating regions with hydrocarbons (useful for oil and gas exploration), identifying

safe areas for carbon sequestration, and selecting suitable sites for hydrogen storage,

a potential low-carbon energy source. Full-waveform inversion was not applied to re-

alistic scenarios in the past due to its high computational demands, but the advent of

petascale computing has changed that. The enhanced computational power provided

by modern and emerging architectures can signi�cantly improve the resolution and

accuracy of subsurface imaging.

In the full-wave�eld inversion, seismic waves are probing tools for examining

the subsurface, as discussed by Sengbush (1983). These waves are arti�cially gener-

ated, typically at the surface of the unknown medium, before they propagate through

it. Since the subsurface of the Earth comprises heterogeneous materials, the waves

change their amplitude and direction. Some re
ected waves return to the surface,

where receivers detect them. An example of such a survey is illustrated on the left

side of Figure 1.1, where the seismic waves are generated from a ship, and the re
ected

waves are recorded using hydrophones mounted on the back of the ship. The goal

of this survey is to estimate the subsurface material properties using known input

waves, measured output waves at receiver points, and a model describing the wave-

motion physics in the subsurface. Using the computer, wave simulations are run by

discretizing the problem domain into a mesh comprising a large number of elements,
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as shown on the right side of Figure 1.1. This iterative process requires repeated

wave-motion simulations, as shown by Fathi et al. (2015a), involves a vast amount of

data (Section 2.1.2), and is computationally expensive.

With their importance and versatility in many applications, including seismic

surveys (Section 2.1), accelerating large-scale wave simulations to reduce the time

to solutions is essential. One way to accelerate the computation is by exploiting

wave simulations' physical or geometry characteristics. For example, extracting as

much parallelism that is abundant in wave simulations (Section 2.3.1) and mapping

the computation to massively-parallel architecture, such as GPUs (Section 2.6) and

PIMs (Section 2.7), can yield signi�cant performance improvements.

1.2 Motivation

Large-scale wave simulations present new challenges in accelerating their com-

putation due to their computational costs and the vast amount of data involved. It

is used for many industry-relevant applications, as shown in the following work: seis-

mic hazard mitigation by Poursartip et al. (2017), medical imaging by Guasch et al.

(2020); Lucano et al. (2016), deriving the composition and features of the Earth's

subsurface by Lacasse et al. (2018); Kallivokas et al. (2013); Mondol (2015), oceanog-

raphy by Duda et al. (2019), and military by Hong et al. (2004).

A novel wave simulation algorithm utilizing the discontinuous Galerkin (dG)

discretization method (Section 2.3.1) has been developed. The dG method o�ers lower

communication overhead compared to the commonly used Finite Di�erence Method

(FDM) and Spectral Element Method (SEM) in the industry. When paired with

the Gauss-Lobatto-Legendre (GLL) integration scheme (Section 2.3.2) on straight-

faced hexahedral elements, the number of BLAS operations is signi�cantly minimized,

consisting solely of Level-1 BLAS operations. While this algorithm is promising, its

performance pattern on actual hardware remains to be seen.

The existing implementation of this algorithm uses general-purpose CPUs to
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perform the wave simulation. Despite utilizing hundreds of CPU cores in HPC clus-

ters, the CPU version of the code still requires substantial simulation time. Given

that these simulations often involve solving millions of wave equations, speeding up

the process and minimizing the time-to-solution and energy-to-solution is essential.

CPUs might not be the most e�cient hardware for running wave simulations due to

their predictable execution 
ow, regular memory access patterns, and, most critically,

the high level of parallelism that could be better exploited with other hardware.

Massively parallel architecture, such as GPUs and PIM, are most suitable for

accelerating wave simulations based on their characteristics. Having a deep under-

standing of the existing CPU code, the GPU and PIM implementations can be devel-

oped. However, it is not a trivial task; it requires careful algorithm design, and often

algorithmic and architectural optimizations to achieve the highest performance pos-

sible from this hardware while maintaining numerical accuracy. Furthermore, when

dealing with vast amounts of data across large computing clusters, data movement

often becomes the key bottleneck that limits the overall simulation performance, and

thus, strategies to reduce the communication overhead must be developed.

1.3 Research Objectives

The research begins with studying the existing CPU codes of the dG-based

wave simulation to identify its execution pattern, data 
ows, and the critical functions

used to run the simulation. Based on these �ndings, the GPU implementation of the

dG-based wave simulations is developed. However, the �rst version of the codes may

not achieve satisfactory performance from the hardware, and thus, workload char-

acterization must be performed to identify the key bottleneck. Then, algorithmic

optimizations are developed to improve the performance of the wave simulations on

GPUs. Since data movement often becomes the critical bottleneck of many work-

loads, communication-reducing algorithms are applied to reduce the communication

overhead. Finally, the e�cacy of PIM in further reducing the data movement over-
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head in wave simulation is investigated. Architectural enhancements for PIM and

optimization strategies are proposed to run large-scale dG-based wave simulations

using this emerging computing technology.

1.4 Thesis Statement

Algorithmic optimizations and hardware-architectural enhancements can im-

prove the performance and e�ciency of dG-based large-scale wave simulations based

on their performance patterns. Algorithmic optimizations, such as kernel fusion,

LUT-based mesh structure, and improved on-chip memory usage, and architectural

enhancements, such as batching, expansion, and pipelining, and communication re-

duction strategy, such as reduced precision data exchange, enable wave simulations

to achieve performance and energy improvements on massively parallel architecture,

including Graphics Processing Units (GPUs) and memristor-based Processing-in-

Memory.

1.5 Contributions of this Dissertation

This dissertation proposes techniques to accelerate dG-based large-scale wave

simulation using GPUs and memristor-based PIM. It discusses the strategies to per-

form algorithmic and architectural optimizations based on their execution patterns

and the critical bottleneck. Speci�cally, the primary contributions of this dissertation

can be broken down into three, as discussed below.

1. Accelerating dG-based Wave Simulations using GPUs: This contribu-

tion, presented in Chapter 5, aims to accelerate the wave simulations using GPU

by performing necessary modi�cations to the codes and libraries, making them

more GPU-friendly. Based on their performance patterns, this contribution also

proposes algorithmic optimization methods to improve the performance of the

wave simulations when running on the GPU. Furthermore, multi-GPU support
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is developed and optimized to support larger problem sizes used in the industry,

allowing the wave simulations to achieve weak scaling over 128 GPUs.

2. Reducing Communication for dG-based Wave Simulations: This con-

tribution, presented in Chapter 6, addresses the crucial issues limiting wave

simulations' overall performance on GPUs: intra-device and inter-device com-

munications. This contribution proposes a set of communication-reducing algo-

rithms to minimize the overhead of intra-device and inter-device data movement

by improving the locality, reducing data movement, and lowering the data vol-

ume being exchanged.

3. PIM Architecture for Accelerating dG-based Wave Simulations: This

contribution, presented in Chapter 7, enables running dG-based wave simula-

tions on memristor-based Processing-in-Memory, an emerging computing tech-

nology promising to alleviate memory bottleneck on von Neumann architectures.

This contribution proposes architectural enhancements to the PIM tailored for

running wave simulations. Along with optimized data placement and execution

strategy, the PIM implementation achieves signi�cant speed-up and energy sav-

ings compared to the GPU implementation.

1.6 Dissertation Structure

Following the front matters, this dissertation comprises eight main chapters,

including this chapter, and two appendices. The main chapters of this dissertation are

organized as follows. This dissertation begins with Chapter 1, introducing the reader

to the research problem as the main topic, the research motivation and objectives, the

thesis statement, and the contributions of this dissertation. Next, Chapter 2 lays the

groundwork for the research presented in this dissertation. It familiarizes readers with

the key theories and concepts necessary to grasp the work discussed in later chapters.

Additionally, it o�ers a brief overview of prior research relevant to the dissertation's
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topic. While it summarizes the existing knowledge, readers are encouraged to consult

the cited references for more in-depth information. Interested readers are suggested to

refer to Appendix A for detailed discontinuous Galerkin (dG) formulation for seismic

wave simulations. Following is Chapter 3, which thoroughly explains the research

methods used in this dissertation. It outlines the methodologies, hardware platforms,

software libraries, and tools employed throughout the study.

As an entrance to the discussion of the dissertation's contributions, Chapter 4

brie
y explains the existing dG-based wave simulation CPU code, which becomes the

baseline code base of the research in this dissertation. This chapter is accompanied

by Appendix B, which thoroughly explains the CPU code base. Next, Chapter 5

describes the �rst contribution of this dissertation: accelerating the dG-based wave

simulations using Graphics Processing Units (GPUs). It provides a detailed explana-

tion of the required modi�cations to provided code bases, mapping the problems into

the GPU, characterizing, evaluating, and optimizing the GPU codes, and improving

the scalability of the GPU codes.

Continuing into the second contribution, Chapter 6 describes algorithms to

reduce the intra-device and inter-device communications in the dG-based wave simu-

lations on GPUs. It provides algorithm innovations and ideas to minimize intra-device

data movement, which the previous chapter has shown as the critical bottleneck in

dG-based wave simulations. It also describes the techniques to reduce inter-device

communication, often limiting large-scale wave simulation performance on large com-

puting clusters.

Last but not least, Chapter 7 describes the third contribution of this disserta-

tion: accelerating the dG-based wave simulations using Processing-in-Memory (PIM),

an emerging computing technology. It provides the detailed PIM architecture imple-

mentation, mapping the problems into the PIM, improving the PIM performance,

energy e�ciency, and scalability through several optimization techniques, and evalu-

ating PIM against the GPU implementations.
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Finally, Chapter 8 concludes this dissertation; it summarizes the work done as

contributions to this dissertation and discusses some potential ideas for future work

in this area.
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Chapter 2: Background and Related Work

This chapter establishes the foundation for the research in this dissertation. It

gives the reader some familiarity with the underlying theorems and knowledge, help-

ing them understand the work described in the subsequent chapters. It also brie
y

discusses previous works related to the topic of this dissertation. While it provides

a comprehensive overview of the existing knowledge related to this dissertation, in-

terested readers are always suggested to read the given references for more detailed

explanations.

First, the seismic survey is brie
y discussed in Section 2.1, which gives insight

into the e�orts and challenges of modeling the Earth's subsurface through seismic

waves. Next, the underlying wave equations, including acoustic and elastic wave

equations, are brie
y discussed in Section 2.2. In addition, the mathematical founda-

tion for performing the wave simulation is brie
y covered in Section 2.3. This includes

the discontinuous Galerkin discretization method, the Gauss-Lobatto-Legendre spa-

tial integration, and the Low-Storage Runge-Kutta temporal integration. Appendix A

provides an in-depth explanation from a mathematical perspective. Two important

third-party software libraries for developing the wave simulations are discussed in

Section 2.4. These two libraries are the adaptive mesh re�nement library provided by

p4est and the message-passing interface library. Next, the analysis of computation

and communication using the roo
ine method is discussed in Section 2.5. Finally, an

overview of the hardware architectures used in this dissertation is provided: Graphics

Processing Unit in Section 2.6 and Processing-in-Memory in Section 2.7.

2.1 Seismic Survey

Seismic surveys have been becoming the primary method for approximating

the subsurface properties of the Earth since they have lower exploration costs by
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eliminating the need for digging, drilling, or tunneling as described by Sengbush

(1983); Mondol (2010). The survey uses the generated seismic waves that travel

into the Earth. Subsurface formations re
ect the waves, which are then recorded

for further analysis. This technique is called re
ection seismology, which, carefully

speaking, is an older method for oil and gas exploration as described by Bates et al.

(2016). It was wildly popular before the development of petascale supercomputers.

Since the development of more powerful supercomputers, a more rigorous technique

called full-waveform inversion has become more attractive.

2.1.1 Generating and Recording Seismic Waves

Arti�cial sources, such as air guns in marine environments or dynamite in

land environments, are used to generate seismic waves for the survey. The re
ected

waves are acquired using hydrophones or geophones, as described by Mondol (2010).

The former is used in marine environments and detects seismic energy by sensing

the pressure changes in water. In contrast, the latter is used in the onshore and

o�shore seabed to detect the ground velocity generated by the seismic waves. As

mentioned by Haldar (2018), the subsurface of the Earth comprises di�erent materials,

which have di�erent wave-re
ection and wave-refraction properties. Utilizing this

fact, the recorded re
ection is analyzed to approximate the composition of Earth's

subsurface. An accurate approximation of the Earth is highly valuable for identifying

the depository of natural resources, such as oil and gas reservoirs.

2.1.2 Amount of Data

While seismic surveys are helpful tools for understanding the composition of

Earth's subsurface, they generate vast amounts of data. A typical seismic survey in

oil and gas exploration covers hundreds of kilometers square and reaches 10 kilometers

deep. An example given by Lacasse et al. (2018) considers a seismic survey conducted

using a ship covering an area of 40 km by 40 km. Each shot of seismic waves is
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generated by triggering the seismic source every 50 m while the ship moves, and

hence, 40,000 shots are needed to cover this area. The re
ected waves are recorded

by the hydrophones, which are placed every 12.5 m in eight 8 km cables. This means

every seismic shot will generate 5,120 seismograms. Using a sampling period of 2 ms

and 24-bit data formats, this survey easily generates 3.1 TB of data.

2.1.3 Modeling the Earth

There are two problems related to �nding the best Earth model utilizing data

obtained from seismic surveys. The �rst problem is called the forward problem, which

is the focus of this dissertation. The forward problem aims to generate synthetic

seismograms based on the de�ned 3D Earth model as explained by Lacasse et al.

(2018); Fathi et al. (2015b). The second problem is called the inverse problem, whose

objective is to �nd the optimum model of the Earth that best describes the data

obtained from the seismic surveys, as explained by Lacasse et al. (2018); Fathi et al.

(2015b); Kallivokas et al. (2013); Fathi et al. (2016). In other words, this problem

can be described as "optimizing the optimizer" using constrained partial di�erential

equation (PDE).

2.2 Wave Equations

This dissertation considers acoustic and elastic wave equations. Finding the

numerical solution of acoustic and elastic wave equations is important in many appli-

cations. They are widely used in oil and gas exploration (e.g., as shown by Lacasse

et al. (2018)), earthquake hazard mitigation (e.g., as indicated by Poursartip et al.

(2017)), site characterization of critical components of civil infrastructure (e.g., as

described by Kallivokas et al. (2013); Fathi et al. (2016)), oceanography (e.g., as ex-

plained by Duda et al. (2019)), medical imaging (e.g., as demonstrated by Guasch

et al. (2020)), and defense systems (e.g., as described by Hong et al. (2004)).

In summary, the work done in this dissertation considers three-dimensional
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Figure 2.1: The unknown variables in acoustic and elastic wave simulation for 3D
space. In 3D space acoustic wave simulation, there are four unknown variables:
pressurep and particle velocity vector (vx , vy, and vz). In 3D space elastic wave
simulation, there are nine unknown variables: second-order stress tensor (S11, S22,
S33, S12, S13, and S23) and particle velocity vector (vx , vy, and vz).

space with four unknown values for acoustic wave equations (p, vx , vy, and vz) and

nine unknown values for elastic wave equations (S11, S22, S33, S12, S13, S23, vx , vy,

and vz). These variables are shown in Figure 2.1 and are evaluated at each discrete

point in 3D space for every time step.

2.2.1 Acoustic Wave Equations

The equations of acoustic waves approximate the propagation of compressional

waves in water, body tissue, and Earth. Acoustic wave problem is a subset of elastic

wave problems, and they are written as partial di�erential equations (PDEs) as shown

in Equation (2.1).

@p
@t

+ � r � v = 0; (2.1a)

@v
@t

+
1
�

r p = 0; (2.1b)

Two unknown variables are pressurep = p(x; y; z; t) and particle velocity

v = v(x; y; z; t). The v is a vector containing velocity values in thex; y, and z direc-

tions in the case of three-dimensional space, denoted asvx , vy, and vz, respectively.

Bulk modulus and density de�ne the material's properties and are denoted by� and
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� , respectively. Ther � and r are divergence and gradient operators, respectively.

Further discussion on acoustic wave equations is given in Appendix A.1.

2.2.2 Elastic Wave Equations

The elastic wave equations describe the propagation of compressional and

shear waves in elastic solids. Equation (2.2) shows the PDEs used to describe elastic

wave problems.

@S
@t

= � (r v + r vT ) + � r � v I ; (2.2a)

@v
@t

=
1
�

r � S; (2.2b)

Two unknown variables are stress, described using stress tensorS, and particle

velocity, described using velocity vectorv. The I is the identity tensor. Material

properties are described using Lam�e parameters� and � , and material density � .

The elastic wave equations are discussed further in Appendix A.2.

2.2.3 Similarity with Other Hyperbolic PDEs

As shown by Quarteroni and Valli (1994), acoustic and elastic wave equations

belong to the broader hyperbolic partial di�erential equations (PDEs) class. When

developing computational algorithms to obtain numerical solutions, Hyperbolic PDEs

share many similarities: they have common operations1, most of which involve Level-1

BLAS (i.e., vector-vector operations), and they have local communication patterns.

1These operations include:

a The problem domain is discretized into many smaller elements/cells, each with several nodes
(Section 4.1). The objective of the computational algorithm is to �nd the solution �eld on
these nodes.

b The computation of derivatives for certain �elds must be done within each element. For
tensor-product elements (e.g., hexahedral/cube used in this dissertation), the derivative com-
putation involves a dot-product operation between the derivative vector and the subset of the
element's nodes.
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In this class, there are also electromagnetic wave equations and Euler equa-

tions. Electromagnetic wave simulations are used in the design of electrical machines

(e.g., as indicated by Chari (1983)), modeling of antenna, radar, and satellites (e.g., as

shown by Vandenbosch (2004)), defense systems (e.g., as demonstrated by Sankaran

(2019)), medical imaging (e.g., as demonstrated by Lucano et al. (2016)), and oil

and gas exploration (e.g., as shown by Abubakar et al. (2016)). On the other hand,

the Euler equation also has many applications, including aerodynamics (as shown by

Jameson (1983)) and aircraft/missile design (as demonstrated by Anandhanarayanan

et al. (2013); Oktay et al. (1999).

Finally, I note that successful strategies for e�cient computation of the acous-

tic and elastic wave equations can also be applied to the electromagnetic waves, as

they share the same structural similarities. It also highlights the applicability and

importance of this dissertation for broader applications.

2.3 Mathematical Foundation for Computation

This section brie
y explains the mathematical terminology used in numerical

methods in this dissertation. This includes the discretization method of discontinuous

Galerkin (dG), the Gauss-Lobatto-Legendre spatial integration scheme, and the low-

storage Runge-Kutta (LSRK) temporal integration method. While this section will

not go into detail, it gives an overview of numerical methods for unfamiliar readers.

Interested readers can �nd further reading materials in each subsection for more

thorough explanations.

c For computing the solution for the next time-step, scalar values (i.e., derivative values and
solution �eld from the current time-step) are combined to form updates, depending on the
algorithms. During this step, communication between immediate neighboring elements is
needed.

d The updates are combined with the solution values from the current time-step to advance the
solution forward for the next time-step.

These operations are repeated for many time-steps as needed.
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2.3.1 Discontinuous Galerkin Discretization

Three methods are commonly used for the numerical simulation of acoustic

and elastic wave equations, which have been comprehensively discussed by Poursartip

et al. (2020): Finite Di�erence Method (FDM), Spectral-Element Method (SEM),

and discontinuous Galerkin Method (dG). All three methods enable e�cient, explicit

time-stepping, which helps parallel scalability.

In practice, FDM is the most commonly used method, typically for uniform

grids that lead to fast Level-1 BLAS computations. However, it entails higher com-

munication costs than SEM and dG, which becomes problematic for data exchange

between compute nodes (Section 2.5.1) since deep ghost exchange is needed in FDM

when high-order methods are used. In addition, it is di�cult to develop stable high-

order schemes for non-uniform �nite-di�erence grids, which is needed to limit the

dispersion error as shown by Ihlenburg (1998) (Appendix A.3.3).

On the other hand, SEM is typically used in regional seismology, where, due

to the large size of the studied region, topography needs to be represented accurately,

as described by Poursartip et al. (2017). Unstructured mesh generation could be

very challenging and labor-intensive. Furthermore, e�cient and accurate 
uid-solid

coupling is very challenging for SEM.

Finally, the dG method is a compact and robust �nite element method that is

locally conservative, stable, and high-order accurate as described by Cockburn et al.

(2000); Grote et al. (2006); Wilcox et al. (2010); Hesthaven and Warburton (2010).

As explained by Baggag et al. (2000), by using the dG method, the solutions are local

to each �nite element. Therefore, each element can be considered as an individual

entity that needs to obtain some boundary data from its neighbors. Appendix A.3

brie
y overviews the dG method.

The inter-element communication pattern for each method is shown in Fig-

ure 2.2. The dG method only needs information on the face of neighboring elements,

SEM needs face and corner information on neighboring elements, and FDM needs
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Figure 2.2: Comparison of inter-element communication pattern between DG, FDM,
and SEM methods. DG only needs information from the face of neighboring elements;
SEM needs information from the face and corner of neighboring elements; FDM needs
information from the face and behind the face of neighboring elements.

the face and behind-the-face information on neighboring elements. The lower com-

munication cost of dG compared to FDM and SEM makes it attractive to harness

the computing power of modern and emerging architecture, especially where commu-

nication is the key bottleneck in many industry-relevant applications.

Figure 2.3: Comparison of uniform mesh and non-conforming mesh. While the work
in this dissertation focuses on uniform meshes, most of the techniques can be ap-
plied to non-conforming meshes. Non-conforming mesh improves computational ef-
�ciency by adding higher resolution only when needed instead of having uniform
high-resolution meshes.

While this dissertation focuses on uniform mesh, most of the proposed tech-

niques can be extended to non-conforming mesh, as shown in Figure 2.3. The non-

conforming mesh provides more computational e�ciency by adding higher-resolution
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meshes only when needed. In addition, robust and stable algorithms for dG discretiza-

tions on non-conforming meshes have been developed recently, as demonstrated by

Kozdon and Wilcox (2018).

2.3.2 Gauss-Lobatto-Legendre Spatial Integration

There are several approaches to computing the spatial integrals on hexahe-

dral elements using numerical quadrature, which includes Gauss-Legendre (GL) and

Gauss-Lobatto-Legendre (GLL). The latter is the numerical quadrature used in this

dissertation due to the reduced computational costs. However, there is a phenomenon

called node clustering with GLL, which adds other challenges from a mathematical

perspective. This section compares GL with GLL, highlighting the reason for choosing

GLL as the numerical quadrature.

2.3.2.1 Gauss-Legendre (GL) Quadrature

Gauss-Legendre (GL) quadrature allows for accurate computing of the spatial

integral, ensuring stable discrete formulation. This is particularly useful when a non-

conforming mesh is used or when the variability of material within an element is

present. However, with GL, the mass matrix is not diagonal, and thus, computing

the inverse of the mass matrix is costly; it needs to be inverted at each local element

involving multiplication with a solution vector. An N -point GL-quadrature has a

complexity of O(N 6) and O(N 4) for volume and surface integrals, respectively, and

can exactly integrate polynomials of order 2N � 1.

2.3.2.2 Gauss-Lobatto-Legendre (GLL) Quadrature

Gauss-Lobatto-Legendre collocates the quadrature nodes and the �nite ele-

ment nodes, decoupling the derivative computations in one direction from solution

values in other directions. This is similar to how derivatives are computed with the

�nite di�erence method (FDM). In addition, using GLL results in the diagonal mass
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matrix, where the inverse can be calculated easily, signi�cantly reducing computa-

tional costs. However, this comes at the cost of the under-integration of high-order

expressions. This leads to an unstable discrete formulation when a non-conforming

mesh is used, or the variability of material within an element is present. Interested

readers should consult the work by Kozdon and Wilcox (2018) for discretely stable

dG formulation using GLL quadrature for non-conforming mesh and variable ma-

terial properties. The computational complexity of anN -point GLL quadrature is

O(N 4) and O(N 2) for volume and surface integrals, respectively, and exactly inte-

grates polynomials of order 2N � 3. This is signi�cantly lower than using the GL

quadrature.

2.3.2.3 Node Clustering Phenomenon with GLL

Nodes are clustered towards the sides of the elements when the nodes of an

element and the associated quadrature scheme follow the GLL rule, as shown in

Figure 2.4. The clustering phenomenon results in non-uniform spacing between nodes

within an element. While the non-uniform spacing is necessary to prevent the Runge

phenomenon, it creates two major challenges for seismic wave simulations.

First, it limits the allowable time step signi�cantly, following � t � 1=p2, where

p = N � 1 is the order of the polynomial. Second, it decreases the node density in the

middle of the element, making it challenging to represent sharply varying material

properties. For instance, forN = 8, node spacing in the middle of the element is 47%

wider than the corresponding uniformly-spaced case.

Although it is beyond the scope of this dissertation, there are some possi-

bilities to alleviate the node-clustering situation. Interested readers should consult

the strategy proposed by Hesthaven and Warburton (2010) who use Gauss-Jacobi-

Lobatto (GJL) nodes and Hale and Trefethen (2008); Koslo� and Tal-Ezer (1993)

who transplants quadrature nodes and weights through a map function.
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Figure 2.4: The node clustering phenomenon with GLL quadrature, showing an ele-
ment with ninth-order polynomial in 2D space.

2.3.3 Fourth-Order Low-Storage Runge-Kutta Temporal Integration

A widely used method for temporal integration of time-dependent partial dif-

ferential equations (PDEs) is the method of lines (MoL), as stated by van der Houwen

(1996). The method of lines transforms PDEs into ordinary di�erential equations

(ODEs) containing some spatial di�erential operators. However, not all ODE solvers

are appropriate for the structure of the space-discretized PDEs. With the separation

of time and space discretization, the Runge-Kutta method, a well-known stable ODE

integrator, can be used for temporal integration. It numerically integrates the ODE

by canceling out lower-order error terms using a trial step at the midpoint for the

higher-order, as described by Butcher and Wanner (1996); Haelterman et al. (2009).

The Low-Storage Runge-Kutta is a version of the Runge-Kutta method that

signi�cantly reduces memory requirements while maintaining the versatility and ro-

bustness of standard Runge-Kutta. This property is attractive to modern computing

architectures, such as GPUs, where the size of on-chip memory is limited. The work

by Diehl et al. (2010) gives a detailed comparison of 75 LSRK methods, including
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e�cient second-order and third-order methods, when used with Maxwell equations

discretized using dG.

This dissertation uses the fourth-order Low-Storage Runge-Kutta (LSRK4)

for temporal integration. LSRK4 has �ve stages and needs only one extra stor-

age array, as explained by Carpenter and Kennedy (1994). In contrast, the standard

fourth-order Runge-Kutta method needs four extra storage arrays. While the detailed

explanation of the Runge-Kutta will not be covered in this dissertation, interested

readers should consult works by Williamson (1980); Niegemann et al. (2012); Ketche-

son (2010) for a thorough explanation. Speci�c to dG discretization method, readers

are recommended to refer to works by Kanevsky et al. (2007); Simonaho et al. (2012);

Seny et al. (2014) .

2.4 Third-Party Software Libraries

Although the wave simulation application discussed in this dissertation uses

many third-party libraries, two of them are the most important: the adaptive mesh

re�nement library and the message-passing interface library. This section looks at

these two libraries to familiarize the readers since both are heavily discussed and

impact the implementation of CPU (Chapter 4) and GPU codes (Chapter 5). On

the other hand, the PIM codes (Chapter 7) do not rely on these libraries since all of

the implementations are done manually, although they still follow the execution and

data 
ows of both CPU and GPU codes.

2.4.1 Adaptive Mesh Re�nement (AMR) Library

Adaptive mesh re�nement (AMR) is a simulation technique that acts like a

computational microscope, enabling researchers from various �elds to focus on more

intricate or scienti�cally important simulation regions. For instance, cosmologists can

zoom in on cosmic �laments for deeper analysis, astrophysicists may target areas of

nucleosynthesis, combustion scientists can study the complex chemistry near a 
ame
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front, and seismologists can accurately handle high-frequency waves on complex mate-

rial interfaces. This method greatly enhances the ability to examine computationally

demanding problems in �ne detail by directing computational resources primarily to

the areas that need the highest accuracy. Interested readers are recommended to

consult the book by Plewa et al. (2005).

The wave simulation investigated in this work utilizesp4est to manage the

mesh of computational elements inside the problem domain. Althoughp4est can

dynamically re�ne or coarse the mesh, in this work, the mesh is �xed once initialized,

and thus it will not change during the simulation runtime. The load-balancing feature

for partitioning and distributing mesh across di�erent CPUs is an important part of

p4est , although it does not support GPUs by default. Porting this feature to GPUs is

one of the objectives of this dissertation. The documentation of p4est can be accessed

in paper by Burstedde et al. (2011); Isaac et al. (2015, 2012)

2.4.2 Message Passing Interface (MPI) Library

In parallel computing, the message-passing model has emerged as an e�cient

and well-understood paradigm for parallel programming. However, in the early days,

there was no standardization on syntax and semantics since every library had imple-

mented its version. Most computer vendors have proprietary libraries that are not

compatible with each other. Hence, developing and deploying applications on various

systems and clusters is di�cult.

As described by Gropp et al. (1996), standardizing the message-passing started

in 1992 when the Message Passing Interface (MPI) Forum organized the workshop

on Message Passing Standardization. The goal was to provide the standard on se-

mantics, syntax, and low-level routines of the message-passing paradigm, allowing

for wide portability. It is used as a communication protocol in distributed-memory

and shared-memory multiprocessors and computing clusters independent of network

settings and memory architecture, providing high performance, scalability, and porta-
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bility, as described by Sur et al. (2006); Nielsen (2016).

2.4.2.1 Standard and Implementation

The �rst version of the standard, MPI 1.0, was �nalized in 1994 by Message

Passing Interface Forum (1994). It de�nes the basic point-to-point communication,

collective communication, and data types. Subsequent versions clari�ed this �rst

version: the MPI 1.1 released in 1995 by Message Passing Interface Forum (1995),

the MPI 1.2 released in 1996 by Message Passing Interface Forum (1997), and the MPI

1.3 released in 1997 by Message Passing Interface Forum (2008a). The MPI 2.0 was

released in 1997 by Message Passing Interface Forum (1997) and introduced parallel

I/O, Remote Memory Access (RMA), dynamic processes, one-sided communication,

extended collective communications, and external interfaces. This version was stable

for ten years before MPI 2.1 was released in 2008 by Message Passing Interface Forum

(2008b), and MPI 2.2 was released in 2009 by Message Passing Interface Forum

(2009). These two standards provide minor updates and clari�cations to the MPI 2.0

standard.

The MPI 3.0 standard was released in 2012 by Message Passing Interface

Forum (2012) and introduced non-blocking collectives, new one-sided communication

operations, and a uni�ed RMA model. The subsequent standard, the MPI 3.1, was

released in 2015 by Message Passing Interface Forum (2015), providing �xes and

clari�cations to its predecessor. The next major version of the MPI standard is

MPI 4.0, which was released in 2021 by Message Passing Interface Forum (2021) and

introduced persistent collectives, partitioned communications, improvements in error

handling, and application assertions. The newest version is MPI 4.1, released in 2023

by Message Passing Interface Forum (2023), which provides clari�cation and �xes

to its predecessor. Since the MPI 4.0 was released recently after the work on this

dissertation began, the MPI 3.1 standard will be discussed instead.

Since the MPI standard only de�nes the syntax, semantics, and behavior of the
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message-passing library, the implementations depend on the vendor of the MPI library

without sacri�cing the portability. Hence, there is not just one unique MPI library;

many MPI libraries implement the MPI standard. They may perform di�erently

across di�erent systems, clusters, and network topologies. Some of the commonly-

used implementation of MPI includes MPICH by Gropp et al. (1996), MVAPICH2 by

Panda et al. (2021), SpectrumMPI by IBM Corporation (2024), OpenMPI by Gabriel

et al. (2004), and Intel MPI by Intel Corporation (2024),

2.4.2.2 Communication Functions

The most commonly used communication pattern in MPI is point-to-point

communication. It transfers the message from one speci�c sender MPI process to a

particular receiver MPI process, both residing in the same communicator2. The sender

must executeMPISendcommand while the receiver must executeMPIRecvcommand.

Through these commands, both must specify with whom they are communicating

(i.e., source/destination of the message), the message identi�cation (i.e., tag), and

the type and size of the message. Point-to-point communication can be blocking

or non-blocking. The former means that the process must wait until the message

transmission achieves a particular state before executing the following instructions.

The latter means that the process only issues the sending/receiving request and can

continue its execution 
ow. The MPI Isend and MPI Irecv are the non-blocking

version of MPISendand MPIRecv, respectively.

Another type of communication pattern in MPI is collective communication.

It involves communication between the members of an MPI communicator to ma-

nipulate a shared set of information. Collective communication is used for syn-

chronization, data movement, and global computation. In synchronization, MPI

provides MPIBarrier to synchronize all processes within a communicator, which

2Communicator is a group of MPI processes that can communicate with each other. The default
communicator that contains all processes isMPI COMMWORLD
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will halt the execution 
ow of each process until all processes within a communi-

cator reach and call theMPIBarrier . In data movement, MPI provides broadcast

MPIBcast, gather MPIGather, scatter MPIScatter , all-gather MPIAllgather , and

all-to-all MPIAlltoall operations. Finally, in global computing, MPI provides re-

duceMPIReduce, all-reduceMPIAllreduce , and scanMPIScanoperations. While all

these collective communication functions are blocking, the MPI 3.0 standard provides

non-blocking collective communication functions.

Finally, MPI provides a one-sided communication pattern. It is an interface

to Remote Memory Access (RMA), allowing single process to initiate communica-

tion activity on both sides (i.e., sender and receiver). This contrasts point-to-point

communication where the sender and receiver must callMPISendand MPIRecv, re-

spectively. This is useful for irregular data transfer that follows some general pattern

since it avoids the synchronization barriers, reducing overhead.

2.4.2.3 Remote Direct Memory Access (RDMA)

Remote Direct Memory Access (RDMA) extends the Direct Memory Access

(DMA) technology by allowing a computer to access the memory of another computer

connected through a network without the involvement of an operating system, proces-

sor, or cache. As described by Tekin et al. (2021); Potluri et al. (2013); Sharkawi and

Chochia (2020); Venkatesh et al. (2014); Hamidouche et al. (2015), RDMA improves

compute throughput and lowers communication latency as it frees many hardware

resources. Operations such as read and write can be performed without interrupting

the remote computer's CPU.

RDMA requires Network Interface Cards (NICs) and the networking stan-

dards that support RDMA protocol. The In�niBand and the RoCE (RDMA-over-

Converged-Ethernet) support RDMA protocol and are commonly used in high per-

formance computing clusters. RoCE adds RDMA support to Ethernet since, in its

basic form, Ethernet does not support Remote Direct Memory Access (RDMA), does
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not guarantee the arrival of tra�c packets (lossy), and does not guarantee the la-

tency of tra�c packets, as described by Kenny and Ulmer (2019); Tekin et al. (2021);

Mittal et al. (2018). With RDMA, the NIC can directly transmit or receive the data

from or to the CPU memory without explicitly staging the data in the NIC's bu�er,

intuitively called zero-copy.

2.4.2.4 CUDA-Aware Features

MPI with CUDA-Aware feature can distinguish memory bu�ers stored in CPU

or GPU memory. It can directly send and receive memory bu�ers stored in GPU

memory without the need to stage them �rst in CPU memory, signi�cantly reducing

the communication overhead. Another feature that CUDA-Aware MPI supports is

NVIDIA GPUDirect technologies for high-bandwidth, low-latency communications

between NVIDIA GPUs, both intra- and inter-node. GPUDirect P2P allows the

GPU-instantiated memory bu�ers to be exchanged directly between GPUs inside

the same node via the fastest available bus (e.g., NVLink). In contrast, GPUDirect

RDMA allows the GPU-instantiated memory bu�ers to be sent and received directly

through a network adapter (e.g., In�niBand NIC) without staging through CPU

memory.

2.5 Analysis of Computation and Communication

When accelerating applications to run on speci�c hardware, the relation be-

tween computation and communication is one of the most essential aspects to an-

alyze. Optimizations often focus only on the computation part of the applications,

while communication is frequently overlooked. In reality, data movement is the key

bottleneck in modern computing systems, necessitating more attention to the com-

munication part of the applications.
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2.5.1 Identifying Data Movement

Although the DG-based discretization yields algorithms with higher data local-

ity, data movement is still needed. Three types of data movement inside the dG-based

wave simulation applications must be considered, as explained below.

ˆ Intra-Device Data Movement. CPUs and GPUs have limited on-chip mem-

ory, and thus, they rely on o�-chip memory to store a large portion of the data.

Fetching data from o�-chip memory is expensive in terms of energy and perfor-

mance, and thus, data movement must be orchestrated carefully.

ˆ Inter-Device, Intra-Node Data Movement. As the problem grows, the o�-

chip memory capacity of a single CPU or GPU can no longer hold the necessary

data. Adding more devices is a viable option to handle the larger problems by

partitioning and distributing them across devices. However, each device must

synchronize the data at some point, creating another type of data movement

that could potentially impact the overall simulation performance.

ˆ Inter-Device, Inter-Node Data Movement. The size of the problem that

can be handled by single compute node is limited by how many CPUs or GPUs

are installed. With increasingly large problems, using multiple compute nodes

becomes necessary. This adds another type of data movement since each com-

pute node must exchange the data through the inter-node communication net-

work, which is often the weakest link in computer systems, potentially limiting

the overall simulation performance.

2.5.2 Roo
ine Analysis

As described by Williams et al. (2009); Hanindhito and John (2024), the

roo
ine chart visualizes the performance of workloads or kernels, comparing them

with the computing capabilities of the hardware with which they run. This visualiza-
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tion gives insight into whether the workloads/kernels are compute-bound or memory-

bound, helping devise optimization plans.

The roo
ine chart is a log-log plot where the y-axis represents the compute

throughput measured in GFLOP/s, and the x-axis represents the arithmetic intensity

measured in FLOP/byte. The compute throughput indicates the number of 
oating-

point or integer operations performed per second. In contrast, the arithmetic intensity

suggests the amount of computation (i.e., FLOP/s) that can be done per data byte.

Figure 2.5 shows an example of roo
ine chart with AMD Instict MI300X GPU model.

The roo
ine model, plotted into the roo
ine chart as the roof and slope lines,

models the computing hardware (e.g., CPU, GPU, and other hardware accelerators).

The roof represents the peak compute throughput the hardware can perform on spe-

ci�c data types (i.e., arithmetic precision). The model can have multiple roofs, ac-

commodating di�erent precisions and functional units to perform the arithmetic op-

erations. Meanwhile, the slope represents the peak memory bandwidth for a speci�c

memory type. Although the model can have multiple slopes accommodating each

memory type in the hierarchy (e.g., �rst-level cache, last-level cache, DRAM), often,

the o�-chip memory (DRAM) is the one that is drawn on the plot since it is the

critical bottleneck.

The hardware model can be obtained theoretically from the manufacturer's

datasheet or whitepaper. The hardware model in Figure 2.5 is obtained from the

whitepaper by Advanced Micro Devices (2023). The hardware model can also be

obtained empirically through measurements. Empirical Roo
ine Toolkit by Yang

(2015) provides a framework to obtain the roo
ine model of computing hardware

through measurements.

The position of kernels or workloads on the roo
ine chart can be determined

by pro�ling them. Using the pro�ling tool provided by the manufacturer, metrics

such as the number of operations, the number of memory read and write, and the

execution duration can be measured, which helps plot kernels or workloads on the
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Figure 2.5: Example of roo
ine chart for analyzing compute-communication relation,
showing the AMD Instinct MI300X GPU model. The compute throughput for various
arithmetic precisions and the bandwidth for each memory hierarchy are derived from
the whitepaper published by Advanced Micro Devices (2023). The area with the blue
shadow is the location of memory-bound workloads, while the area with the green
shadow is the position of compute-bound workloads. TheV indicates vector (SIMD)
units while the M indicates matrix units.
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roo
ine chart. Based on the position, it can be determined whether the kernels or

workloads are compute-bound (i.e., closer to the roof of the hardware model) or

memory-bound (i.e., closer to the slope of the hardware model). Then, optimization

strategies can be determined and applied according to this characterization.

2.6 Graphics Processing Unit (GPU) and Its Applications

Graphics Processing Unit (GPU) is the popular hardware accelerator for highly

parallel applications. Although historically, GPU is solely used to accelerate graphics

applications, GPU has become a general-purpose accelerator for many applications,

including high-performance scienti�c applications and machine learning, as described

by Hanindhito et al. (2024). Featuring a massive number of ALUs hierarchically

grouped, GPU is suitable for executing applications that have regular 
ow, predictable

memory access patterns, and abundant parallel operations.

The discretization of the problem domain (Section 2.3.1) yields many smaller

discrete elements that can be processed in parallel. In addition, inside each element,

the unknown variables can be evaluated in many discrete points in parallel. These two

sources of parallelism are why wave simulations have abundant inherent parallelism.

A computing platform that can extract as much parallelism as possible for this type of

workload is desired, as it can shorten the time needed to calculate the solutions. GPU

is among the hardware candidates that can e�ciently accelerate wave simulations, as

explored in Chapters 5 and 6. Therefore, this section provides a brief introduction to

GPU to the readers since having some familiarity with it will help them understand

the subsequent chapters.

2.6.1 Road to Become General-purpose Massively-Parallel Accelerator

Before the 2000s, GPUs were �xed-function accelerators solely to process

graphics applications. Since most operations in graphics applications are highly paral-
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lel3, GPUs have been designed as massively parallel processors to extract these paral-

lelisms as explained by Blythe (2008). In the early 2000s, GPUs became increasingly

programmable due to the need to create more complex computer-generated imagery,

as described by Blythe (2008); Elliott (2004). However, the programmability is lim-

ited to graphics functions, such as pixel and vertex shaders, through API such as

Direct3D and OpenGL.

In 2006, the introduction of Tesla architecture by NVIDIA as described by

Lindholm et al. (2008), along with its CUDA programming interface explained by

Buck (2007b), marked the signi�cant shift of graphics processing unit (GPU) from

�xed-function graphics accelerators to general-purpose accelerators as discussed by

Fatahalian and Houston (2008); Harris (2008); Buck (2007a). In summary, GPUs

were �xed-function accelerators (before the 2000s), became programmable with pro-

grammable shaders (early 2000s), easier to program with uni�ed shaders (early 2006),

and became general-purpose massively-parallel accelerators (2007). Nowadays, GPU

has become a vital hardware accelerator for applications that have abundant inherent

parallelism as shown in the work by Nickolls et al. (2008b,a); Che et al. (2008), includ-

ing General Matrix Multiplication (GEMM), as described by Sorokin et al. (2022);

Li et al. (2018b); Abdelfattah et al. (2017); Brown et al. (2020).

2.6.2 Hardware and Software Perspective

Before developing applications on GPU, it is essential to understand how the

functional units are organized and how the programming models work. It is also

important to be familiar with how the hierarchical organization in software is mapped

into the hierarchical organization of hardware inside the GPU. Figure 2.6 shows the

hierarchy of GPU from software and hardware perspective and how they relate.

3i.e., primitives, fragments, and pixels can be processed in parallel during each stage of the
graphics pipeline.
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Figure 2.6: The organization of GPU, as viewed from a software perspective (left)
and hardware perspective (right), and how they relate to each other hierarchically. A
thread is executed by a "core"; A warp of threads is mapped into SM Subpartition;
A thread block is scheduled into a Streaming Multiprocessor; and a grid is launched
to a GPU chip.
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2.6.2.1 Terminology

Since this dissertation uses NVIDIA GPU to accelerate the wave simulation

as discussed in Chapter 5, the explanation here uses terminology from NVIDIA.

Although other GPU vendors, such as AMD and Intel, use di�erent terminology,

they use similar organizations. The terminology equivalency for GPU across di�erent

vendors is given in Table 2.1.

2.6.2.2 Hardware Perspective

The manufacturers often advertise their GPUs as having thousands of cores4

to signify their massively parallel architecture. However, the termcores in GPUs is

not the same as in CPUs; it refers to the execution units (i.e., ALUs) instead of the

fully-
edged CPU core. These GPUcores are grouped into one processor5, which

looks more like a CPU core with signi�cantly many ALUs. In NVIDIA GPU, this

processor is called a Streaming Multiprocessor (SM). There can be 100s of SMs inside

a GPU chip, each with manycores (ALUs), for a total of thousands of cores. A

simpli�ed diagram of an SM inside NVIDIA Volta is given in Figure 2.7, as described

by Choquette et al. (2018).

Newer NVIDIA GPUs may have slightly di�erent SM architecture to improve

performance and add new features. Interested readers should consult the whitepaper

released by NVIDIA to �nd detailed SM architecture for each generation of NVIDIA

GPUs: Volta by NVIDIA Corporation (2017), Turing by NVIDIA Corporation (2018),

Ampere by NVIDIA Corporation (2020a), Hopper by NVIDIA Corporation (2022),

and Ada Lovelace by NVIDIA Corporation (2023b).

SM comprises four SM sub-partitions (SMSP) and several types of on-chip

memory, which include L1 instruction cache, L1 data cache, shared memory, and tex-

4CUDA Cores (CC) in NVIDIA GPUs, Stream Processors (SP) in AMD GPUs, or Vector Engines
(XVE) in Intel GPUs.

5Streaming Multiprocessor (SM) in NVIDIA GPUs, Compute Unit (CU) in AMD GPUs, Com-
pute Slice (SLC) in Intel GPUs.
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NVIDIA AMD Intel Description
Software Perspective

Thread Work-item Work-item Single stream of instruction and data.
Warp Wavefront Sub-group Group of threads that execute the same

instruction stream in lock-step fashion and
operate on di�erent data.

Thread Block Work-group Work-group Group of warps executed by single
SM/CU/XC and share synchronization
barrier and on-chip memory.

Grid ND-Range ND-Range Collection of thread-block or work-group of
a kernel executed by GPU.

Hardware Perspective
CUDA
Cores
(CC)

Stream
Processors

(SP)

Vector
Engines
(XVE)

Arithmetic unit that processes one data
item and executes portion of SIMT
instruction stream.

Tensor
Cores
(TC)

Matrix
Cores

Matrix
Engines
(XMX)

Specialized unit to accelerate matrix-matrix
operations (e.g., GEMM).

Subpartition
(SMSP)

SIMD
Unit

Execution
Unit
(EU)

SIMT processor to execute
warp/wavefront/sub-group in a lock-step
manner.

Streaming
Multi-

processor
(SM)

Compute
Unit
(CU)

Xe Core
(XC)

Unit capable of executing one
thread-block/work-group of a kernel. It
consists of subpartitions sharing on-chip
memory.

Texture
Processing

Cluster
(TPC)

Workgroup
Processor
(WGP)

Render
Slice
or

Compute
Slice

(SLC)

GPU super-clusters, consisting of several
SMs/CUs/XCs to perform texture
operations.

Graphics
Processing

Cluster
(GPC)

Shader
Engine

GPU mega-clusters, consisting of several
super-clusters to perform graphics
operations.

Graphics
Processing

Die
(GPD)

Graphics
Complex Die

(GCD)

Stack
(STK)

GPU dies, consisting of several
megaclusters; used for chiplet-based GPU.

Table 2.1: The terminology equivalency between NVIDIA, AMD, and Intel GPUs.
Note that the Graphics Processing Die (GPD) is an uno�cial terminology given for
completeness.
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Figure 2.7: A simpli�ed diagram of the Streaming Multiprocessor inside NVIDIA
Volta GPU. Each SM contains four SM Subpartitions sharing L1 instruction cache,
L1 data cache, shared memory, and texture cache. There are CUDA Cores, Tensor
Cores, register �les, L0 caches, and warp schedulers within the subpartition.
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ture cache. The organization of the on-chip data memory (i.e., L1 data cache, texture

cache, and shared memory) has changed multiple times across di�erent architectures

of NVIDIA GPUs. To give the programmers 
exibility on how on-chip data mem-

ory should be managed, starting from Volta architecture, the L1 data cache, texture

cache, and shared memory are implemented as uni�ed on-chip memory. Program-

mers can choose to either allocate 100% of on-chip data memory as a cache managed

by the hardware or dedicate some portions of it as shared memory managed by the

programmers. Programmers who use shared memory must carefully manage its usage

since the reduced amount of L1 and texture caches can degrade the performance. Fi-

nally, the L2 cache is the last-level cache for Volta and comprises many slices shared

across all SMs. It interfaces directly with the o�-chip memory (e.g., GDDR or HBM).

Section 2.6.3 explains the memory hierarchy of the GPU in more detail.

Diving deeper into the SMSP, there are several on-chip memory: L0 instruc-

tion cache, constant cache, and register �les. CUDA Cores (CC) are the default

computation units, consisting of FP64 (double-precision 
oating-point ALUs) units,

FP32 (single-precision 
oating-point ALUs) units, INT32 (integer ALUs), and Spe-

cial Function Units (SFUs). The number of FP32 units is usually used to advertise

the number of CUDA Cores in GPUs. The SFUs compute the transcendental func-

tions, such as trigonometric functions. Datacenter class GPU features signi�cantly

more FP64 units to handle high-performance computing applications that use double-

precision 
oating-point arithmetic for accuracy-sensitive computation. Finally, spe-

cialized units called Tensor Cores are added to Volta and newer generation GPUs to

accelerate General Matrix Multiplications (GEMMs), which are abundant in many

machine learning workloads. Tensor Cores will be brie
y discussed in Section 2.6.4.

2.6.2.3 Software Perspective

As described by Lindholm et al. (2008), GPU uses Single-Instruction Multiple-

Thread (SIMT) execution model, which is a modi�cation to Single-Instruction Multiple-

Data (SIMD). In addition to executing one instruction with multiple data (SIMD),
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SIMT applies one instruction to multiple independent threads in parallel. This allows

programmers to write data-parallel code for coordinated threads and thread-parallel

code for individual threads.

GPU kernel is a small program that runs on GPU. A kernel can have millions

of threads, collectively called a grid. Inside a grid, the threads are further grouped

into thread blocks or cooperative thread arrays (CTAs). A grid can have as many

as 231 � 1 thread blocks, each containing up to 1024 threads. Thus, theoretically, a

kernel can have as many as 2 trillion threads6!

The global scheduler, GigaThread Engine in NVIDIA GPU, schedules each

thread block into the SM. It also manages the context switches of the thread blocks

in each SM. Ideally, multiple thread blocks are scheduled into each SM, allowing

for aggressive context switching; when one thread block stalls (e.g., due to memory

access), it can run another thread block to hide the latency and keep the SM busy.

Finally, each warp inside a thread block is scheduled into an SMSP. The warp

scheduler inside the SMSP maps the threads within the warp to the cores, which

run the execution in a lock-step fashion. Any di�erences in the execution path (e.g.,

due to di�erent branch outcomes) within the warp will cause thread divergence. Due

to the divergence, instead of running in parallel, the threads within the warp will

run serially based on their execution path. Note that thread divergence only occurs

within the warp since each warp can be independently executed.

2.6.3 Memory Hierarchies

With thousands of cores (ALUs), the memory subsystem of the GPU has

complex tasks to feed data into all cores, keeping the SMs busy. With thousands of

threads running concurrently, the register �les of the GPU are signi�cantly larger than

6i.e., (231 � 1) � 1024 = 2; 199; 023; 254; 528
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the CPU7. Modern datacenter-class GPU uses 3D-Stacked High-Bandwidth Memory

to provide terabytes of bandwidth into the GPU chip. However, even with this

complex memory organization, the applications that run on GPU are often memory-

bounded. Like the compute parts of the GPU, the memory parts have two views: the

logical view from the software perspective and the physical view from the hardware

perspective. Both are explained as follows.

2.6.3.1 Logical View

The logical view of the memory hierarchy of the GPU is used when developing

the applications. It includes the memory scope among the threads, warps, and blocks,

the allocation lifetime, and the data type that can be stored. Figure 2.8 illustrates

the logical view of GPU memory related to the organization of GPU from a software

perspective. Below are the types of GPU memory from a logical perspective.

ˆ Registers . This is the fastest memory to store immediate operands and in-

termediate results for each thread. Each thread has some register allocations

determined during the compile time. Although the compiler allocates it, users

can limit the allocation for each thread using decorator launch bounds .

ˆ Local Memory . Each thread uses the local memory as private memory to

store temporary variables and operands. It is used when there are register spills

due to insu�cient registers to store intermediate data. It has a limited scope

for each thread and is not visible to other threads. The hardware manages local

memory.

ˆ Shared Memory . Shared memory is a user-managed memory used for threads

to share data. However, it is only visible to threads within the same thread

7As shown in work by Larabel (2023), Intel Sapphire Rapids CPU has 42,752 bytes of register in
each core for a total of 2,505 KB of registers in 60-core variants. On the other hand, the NVIDIA
H100 GPU has 256 kB of register per SM, for a total of 33 MB of registers across 132 SMs, as shown
by NVIDIA Corporation (2022).
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Figure 2.8: The logical view of GPU memory hierarchy as seen by the programmers.
The global, constant, and texture memory are visible to all threads within the kernel
grid. Global memory is read/write memory, while constant and texture memories are
read-only. A shared memory is used for fast data sharing between threads inside a
thread block. Each thread has allocated private registers and local memory, which
stores operands and intermediate results when register spillage occurs.
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block. Reading and writing from shared memory is signi�cantly faster than

going to global memory. In Volta or newer GPUs, shared memory must be

activated before it can be used, as it is part of the uni�ed on-chip data memory.

ˆ Global Memory . As the name suggests, the global memory is visible to all

threads inside the kernel grid. Users are responsible for allocating the global

memory and managing its read and write access.

ˆ Texture Memory . This is a specialized memory for storing 2D read-only

texture data. It is visible to all threads inside the kernel grid. Users are respon-

sible for initializing the texture memory before launching the kernel since the

contents inside are read-only from the kernel.

ˆ Constant Memory . This is a specialized memory for storing 1D constant

data. It is visible to all threads inside the kernel grid. Like the texture memory,

users are responsible for initializing the constant memory before launching the

kernel since the contents inside are read-only from the kernel.

2.6.3.2 Physical View

The physical view of the memory hierarchy is the actual memory hierarchy

implemented on the hardware of the GPU. As shown in Figure 2.9, it consists of

registers, L1 data cache, shared memory, texture cache, L2 data cache, the o�-chip

device memory, and the host memory for NVIDIA Tesla V100, as an example. Note

that, for simplicity, some of the on-chip memory is omitted from the �gure, which

includes the L0/L1 instruction caches and constant cache as shown in Figure 2.7.

The closer to the cores (ALUs), the lower the access latency and the higher the

memory bandwidth, and thus, when developing applications, users must consider

storing repeatedly-used data on lower-level memory. Below are the types of GPU

memory from the physical view.

69



ˆ Registers . Registers are the fastest memory directly interfacing with the cores

(ALUs). It is used to store immediate operands and intermediate results. With

a large number of threads, each SMSP contains relatively large registers. This

large register size is also used to support GPU aggressive context switching,

where the context for each thread block handled by the SM is kept in registers.

However, register availability is often insu�cient for handling 1024 threads per

thread block, especially for kernels with many intermediate results.

ˆ Constant Cache . As the name suggests, the constant cache stores the constant

data stored in constant memory. It provides high-speed access to constant data.

ˆ Shared Memory . Shared memory is user-managed scratchpad memory that

stores repeatedly used data and shares data between threads within a thread

block. In Volta or newer generations on GPU, shared memory is implemented as

uni�ed on-chip memory, which shares the same structure as the L1 and texture

caches. Using shared memory will reduce the capacity of the L1 cache, and

thus, it must be done carefully to avoid performance degradation.

ˆ L1 Data Cache . L1 cache is hardware-managed memory that stores frequently

used data within an SM. It is implemented as uni�ed on-chip memory, which

shares the same structure as shared memory and texture cache. By default, the

uni�ed on-chip memory is used for the L1 and texture data cache.

ˆ Texture Cache . As the name suggests, the texture cache stores the 2D con-

stant texture data stored in texture memory.

ˆ L2 Cache . L2 cache is the last-level cache for many NVIDIA GPUs. It stores

the data evicted from the L1 cache and is shared across all SMs. It interfaces

directly with the o�-chip memory.

ˆ Device Memory . Device memory is the o�-chip DRAM memory implemented

as GDDR or HBM. This is the largest capacity of memory that the GPU has,
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but it is the slowest one. Accessing the data from and to this memory incurs

signi�cant latency, and the limited bandwidth is more likely to be the bottleneck

of GPU performance.

ˆ Host Memory . Host memory is the DRAM attached to the host CPU. Be-

fore executing the kernels, the data from the host memory is often copied to

the GPU memory through the PCIe bus, which is slower. After the kernel ex-

ecutes, the results are copied back to the host memory. The data movement

between host and device memory can be managed manually by the program-

mers or automatically by the hardware and the driver. However, excessive data

movement between the host and device memory will signi�cantly reduce the

GPU performance.

2.6.4 The Inclusion of Matrix Accelerator

CUDA Cores are the workhorse that executes operations in parallel; thus,

NVIDIA GPUs have thousands of them. In 2017, NVIDIA added specialized units

called Tensor Cores into their GPUs with the launch of Volta architecture, as de-

scribed by NVIDIA Corporation (2017). Tensor Core provides a signi�cant perfor-

mance boost and energy e�ciency when performing General Matrix Multiplications

(GEMMs), which is abundant in many HPC and AI/ML workloads.

As shown in Figure 2.7, Tensor Cores comprise ALUs organized in a 3D systolic

array structure. The inclusion of FP64 precision into third- and fourth-generation

Tensor Cores opened the possibility of using them for accelerating HPC applications

that require higher accuracy, as shown in the work by Lee et al. (2022); Gallet and

Gowanlock (2022). Other manufacturers followed by integrating matrix accelerators

into their GPUs: AMD with Matrix Cores, as described by Advanced Micro Devices

(2020), and Intel with XMX Matrix Engine, as described by Jiang (2022).
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Figure 2.9: The physical view of memory hierarchy in NVIDIA Tesla V100 GPU. The
registers are the fastest memory with limited capacity, interfacing directly with the
cores (ALUs) and providing more than 56 TBps aggregate bandwidth. The uni�ed
on-chip memory implements the shared memory, L1 data cache, and texture cache,
providing fast access to repeatedly-used data to each SM. The L2 cache is the last-
level cache shared by all SM and interfaces directly with the o�-chip device memory.
The device memory is the largest capacity but the slowest memory, with only 900
GBps bandwidth. Finally, the host memory is the memory attached to the host CPU
and may be used as the slowest bu�er in case the device memory is insu�cient.
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2.6.5 Mixed-Precision Computation

Mixed precision computation, such as mixed precision training in machine

learning as described by Micikevicius et al. (2018), can help reduce the amount of

memory required to perform the computation, ease the bandwidth requirement (e.g.,

o�-chip memory and inter-node network bandwidth), and lower the computational

power needed. It employs di�erent precision formats: lower precision (e.g., half-

precision, such as FP16) and higher precision (e.g., single-precision, such as FP32).

Lower precision is used for parts of the computation that should not signi�cantly

impact numerical accuracy. On the other hand, higher precision is used for critical

parts of the calculation to ensure numerical stability and accuracy.

Some of the hardware has single-precision arithmetic units that can execute

half-precision arithmetic twice the rate of FP32, such as NVIDIA Pascal architecture,

as described by NVIDIA Corporation (2016), which improves training performance.

The matrix accelerator, brie
y discussed in Section 2.6.4, supports lower precision

data type with very high computational throughput than the vector units. Given

the numerous bene�ts of mixed precision training, companies continuously seek more

e�cient data formats. Google developed BF16, which preserves the dynamic range

of FP32 in a 16-bit format as described by Wang and Kanwar (2019). NVIDIA

also introduced TF32, as described by Choquette et al. (2021), which maintains the

dynamic range of FP32 but o�ers the accuracy of FP16 in a 19-bit format.

2.6.6 Previous Work on GPU-Accelerated Scienti�c Applications

This section highlights several related works that use the dG method on GPUs.

The work by Abdi et al. (2019) tried to solve three-dimensional Euler equations that

govern the thermodynamic state and the atmosphere's motion. GPU acceleration is

essential to obtain more accurate results within a given simulation time limit. They

used Nvidia Tesla K20x GPU to accelerate their computation and achieved 15x speed-

up over 16-core AMD Opteron 6274. They extended their work to support multiple
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GPUs for up to 16,384 GPUs with a scaling e�ciency of 90%.

Another e�ort to accelerate computation based on the dG method was made by

Chan et al. (2016). They tried to use GPU to accelerate the dG method problem for

hybrid meshes. Their hybrid meshes contain vertex-mapped hexahedral, wedge, pyra-

midal, and tetrahedral elements. They also presented energy-stable discrete formu-

lations for the hexahedron using Gauss-Legendre and Gauss-Legendre-Lobatto nodal

bases. They did not compare the speed-up they obtained using GPU to the CPU

implementation. Instead, they presented the computational e�ciency of the solver in

terms of 
oating-point operation per second and estimated bandwidth when running

in single Nvidia GTX980 GPU in single precision.

The work by Gandham et al. (2015) used GPU to accelerate discontinuous

Galerkin methods for solving shallow water equations for modeling tsunamis, storm

surges, and tidal waves. They use OpenCL to map nodal DG discretization into

GPU for both AMD (AMD Radeon HD7970) and Nvidia (Nvidia Tesla C2050) GPU,

which consists of volume kernel, surface kernel, and update kernel. Depending on

the polynomial order, the GPU's time-step e�ciency is 8x higher than the Intel Core

i7-3930K CPU.

Moreover, the work by Karakus et al. (2019) used GPU to accelerate the

discontinuous Galerkin method for an incompressible 
ow solver. The equations

are unsteady incompressible Navier-Stokes, which are discretized in time using a

semi-implicit scheme consisting of implicit treatment of the split Stokes operator

and explicit treatment of the nonlinear term. They optimized the performance of

the most time-consuming kernel by tuning bandwidth usage, memory utilization,

and �ne-grain parallelism. They did not compare the GPU implementation to the

CPU implementation. Interestingly, they presented a roo
ine model for the achieved


oating-point performance for various implementations of the GPU kernel.

Work by Mu et al. (2013) did one of the closest works to ours where arbitrary

high-order discontinuous Galerkin (ADER-DG) method for solving 3D elastic seismic
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wave was successfully ported to GPU on unstructured tetrahedral meshes. They

reached a speed-up of 24.3x for the single-precision and 12.8x for the double-precision

on the Nvidia Tesla C2075 GPU compared to the single-core version of CPU code

running on Intel Xeon W5880.

Moreover, the work by Modave et al. (2016) tried to analyze GPU performance

on acoustic and elastic models using a nodal discontinuous Galerkin method. They

did not compare the speed-up to the CPU version. They analyzed and compared three

di�erent GPU kernels in terms of net arithmetic throughput. This was obtained by

dividing the total number of FLOP per time-step by the run-time required for one

time-step update.

Alternatively, the work done by Heinecke et al. (2019) uses Many Integrated

Core (MIC) hardware instead of GPU. They used Intel Knights Mill CPU and Intel

Knights Landing CPU to accelerate fused discontinuous Galerkin simulation. They

compare the performance of Intel Xeon Phi 7250 processor (Knights Landing), Intel

Xeon Phi 7295 processor (Knights Mill), and dual Intel Xeon Platinum 8180 (Skylake)

in terms of non-zero peak e�ciency. The Skylake reaches the highest non-zero peak

e�ciency for single-precision computation, followed by Knights Landing and Knights

Mill. The Knights Mill reaches the highest non-zero peak e�ciency for the double-

precision workload, followed by Skylake and Knights Landing.

Lastly, the work by Karakus et al. (2016) discussed level set reinitialization

for an adaptive discontinuous Galerkin method. It used OCAA as an abstract pro-

gramming model to encapsulate native languages for CUDA, OpenCL, Pthreads, and

OpenMP. There are three signi�cant computations for �nding the solution: volume

integrals, surface integrals, and time-step updates. Each of them is implemented

on separate GPU kernels. They compare the performance on each kernel between

Nvidia Tesla C2075 GPU using OpenCL-compiled kernel and CUDA-compiled kernel

and Intel Xeon E5-2670 using OpenMP-compiled kernel. In single-precision compu-

tation, the OpenCL-compiled kernel and CUDA-compiled kernel achieve speed-ups
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of up to 8x and 6x for the volume kernel and up to 18x and 20x for the surface kernel

compared to the OpenMP-compiled kernel.

2.6.7 Previous Work on GPU-Accelerated dG-based Discretization

GPUs have been used to accelerate many scienti�c applications from diverse

domains. Therefore, the related works presented here are not an exhaustive list. In

fact, these works show how important the GPUs are for scienti�c computation as

they can potentially speed up the computation. Works by Wang et al. (2019b,c); Shu

et al. (2020); Cheng et al. (2020); Ren et al. (2018); Xu et al. (2017) use GPU to

accelerate lattice Boltzmann solver. GPU is also used for accelerating the modeling

of smoothed particle hydrodynamics of granular 
ow by Chen et al. (2020), elliptic

problems solver on unstructured hexahedral meshes by Remacle et al. (2016), and

genetic algorithms by Cheng and Gen (2019).

In addition, the acceleration bene�ts from GPUs are also helpful for calculating

time integration of the shallow water equations on the sphere as shown by Archibald

et al. (2015), simulating red blood cells as conducted by Blumers et al. (2017), and

modeling �nite volume coastal ocean as done by Zhao et al. (2017). Furthermore,

computational di�usion MRI by Hernandez-Fernandez et al. (2019), asteroid shape

modeling by Engels et al. (2019), channeling radiation of relativistic particles simula-

tion by Nielsen (2019), and Monte-Carlo simulation by Wei and Kruis (2013) bene�t

from acceleration provided by GPUs. Speci�c to DG, the work by Wolf et al. (2022)

developed an e�cient time-stepping scheme for seismic waves in poroelastic media,

providing the community with open-source code called SeisSol, a scienti�c software

for numerical simulation of seismic waves in either CPU and GPU.

Although the following works use FPGA, they are worth mentioning. The

works by Gourounas et al. (2023a,b) develop the FPGA implementation of dG-based

wave simulation. In large-scale scenarios, the work by Faj et al. (2023) develops a

dG-based shallow-water model on unstructured mesh running on multi-FPGAs.
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2.7 Processing-in-Memory (PIM) and Its Applications

The von Neumann architecture, which constitutes most modern computing

systems, has separate centralized memory and compute units. Due to the limited

bandwidth, the interface between the compute units and the o�-chip memory often

becomes the bottleneck in overall system performance, especially for memory-bound

applications that operate on large datasets. The data movement between the com-

pute units and the o�-chip memory consumes much energy, which becomes more

concerning. For instance, shown in the works by Keckler et al. (2011); Kestor et al.

(2013), moving 256-bit of data by 10 mm consumes more energy than performing a


oating-point arithmetic operation in double precision.

Compute-in-memory attempts to address the bottleneck with von Neumann

architecture and reduce the energy consumption due to the data movement by bring-

ing the compute units closer to where the data is stored, which is the memory, as

shown by Khoram et al. (2017); Mutlu et al. (2019). They have demonstrated promis-

ing performance with reduced energy consumption of compute-in-memory technolo-

gies, making them attractive for data-intensive applications. However, as an emerging

technology, the broad adoption of compute-in-memory relies on the availability of bet-

ter software stacks (e.g., compiler, library, framework), helping users migrate their

existing codes to leverage these technologies, as described by Ghose et al. (2019)

There are two computing-in-memory approaches: Near-Memory-Processing

(NMP) and Processing-in-Memory (PIM). NMP integrates the compute units near

the memory arrays at the chip or package level. The amount of computation that

can be performed depends on how much area is allocated to the compute units. If

compute units are integrated at the chip (die) level as the memory arrays, there will

be competition for space, which typically results in simpler compute units. PIM, on

the other hand, performs the computations directly in the memory arrays. Depending

on the memory technology, it usually requires minimal changes to the memory array

structures. It also requires altering the memory commands issued by the memory
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controller to perform the computations. Di�erent memory technologies have been

investigated to be used for PIM: SRAM (e.g., as demonstrated by Eckert et al. (2018)),

DRAM (e.g., as described by Gao et al. (2019); Seshadri et al. (2017)), and non-

volatile memory technologies, which include phase-change memory (e.g., investigated

by Ho�er et al. (2022)), resistive RAM (e.g., as described by Imani et al. (2019a);

Hanindhito et al. (2021)), spintronic RAM (e.g., as explained by Chowdhury et al.

(2018)), and NAND Flash (e.g., as described by Gao et al. (2021)).

This dissertation uses PIM technology to accelerate wave simulation, which

will be discussed in Chapter 7. Although the latency of the arithmetic operations in

PIM may be higher as CMOS-based designs due to the bit-by-bit NOR operations,

PIM chip can run many parallel operations inside each memory block. For example,

the work by Imani et al. (2019a) shows that 8 million parallel operations can be

achieved on a 1 GB PIM chip. Based on its operation, PIM can be divided into two

categories: analog PIM (e.g., as explained by Feinberg et al. (2018); Cheng et al.

(2017); Cai et al. (2018)) and digital PIM (e.g., as described by Imani et al. (2019a);

Kvatinsky et al. (2014); Siemon et al. (2015)). Both analog and digital characteristics

of non-volatile memory have been investigated by Sha�ee et al. (2016); Song et al.

(2017); Zhang et al. (2020b) to support arithmetic operations in memory.

2.7.1 Analog PIM

Analog PIM leverages inherent electrical properties of the memory arrays to

perform computations according to Kircho�'s law. For example, it modulates analog

input signals into weighted analog output signals, as shown by Sha�ee et al. (2016);

Song et al. (2017); Zhang et al. (2020b) or performs dot product operations by apply-

ing di�erent voltages into each word-line and bit-line. The drawback of analog-based

PIM is its reliance on digital-to-analog (DAC) and analog-to-digital (ADC) convert-

ers. Both of these components consume most of the chip area and power, especially

for SRAM-based and NVM-based analog PIMs, as shown by Talati et al. (2016).
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In addition, analog circuits are more sensitive to noise, manufacturing variations,

temperature changes, and voltage 
uctuations.

2.7.2 Digital PIM

Digital PIM eliminates the ADC/DAC issue present in Analog PIM by ex-

ploring the characteristics of the crossbar circuits, as shown by Talati et al. (2016).

It performs basic digital logic operations, such as NOR, on the memory arrays. For

example, in resistive-based digital PIM built using memristors, each memristor cell's

resistance can change between ON and OFF depending on the voltage level applied

to the bit-line and word-line. The resistance behavior of the memristor is used to rep-

resent a logic '1' and '0'. The output of the memristor is initialized as ON (i.e., logic

'1'). When one or more inputs switch from logic '0' to '1', the output of the memristor

will switch from ON to OFF (i.e., logic '0'), implementing the NOR operation.

Figure 2.10 illustrates the bitwise NOR operations in memristor-based PIM,

which is also explained in work by Imani et al. (2019a). The memristor has two

states: OFF, where it has high internal resistance, and ON, where it has low internal

resistance. The output memristor can switch from ON to OFF when the voltage

across the memristor (i.e., between the p-terminal and n-terminal) exceeds a certain

threshold, as demonstrated by Kvatinsky et al. (2015). The output memristor is

initialized to ON at the beginning to implement the NOR operation. Then, the

execution voltage,V0, is applied at the p-terminal of input memristors while the p-

terminal of the output memristor is connected to the ground. If one or more input

memristors have logic 1 (i.e., low resistance, ON), the output memristor will switch

state from ON (low resistance) to OFF (high resistance), representing logic 0. While

Figure 2.10 shows the operation of PIM in a row-parallel way, it can also operate in a

column-parallel way by transposing the word lines and the bit lines, as demonstrated

by Talati et al. (2016).

More complex arithmetic operations, such as addition and multiplications, can
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Figure 2.10: The NOR operations are the fundamental operations for memristor-
based PIM with which more complex arithmetic operations are constructed. The
output memristor is initialized to ON, and the execution voltageV0 is applied at the
beginning of the computation. If one or more input memristors are ON (logic 1), the
output memristor will switch state to OFF (logic 0).

Fixed Point (6:5N 2 � 7:5N � 2) � TNOR

Floating Point (12Ne + 6:5Nm
2 � 7:5Nm � 2) � TNOR

Table 2.2: Multiplication latency for �xed-point and 
oating-point arithmetic in dig-
ital PIM. N represents the number of bits in �xed point numbers whileNe and Nm

represent the exponential and mantissa bits in 
oating-point numbers. TheTNOR is
the single bitwise NOR operation latency.
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be represented through sequences of NOR operations. However, since the operands

are processed in a bit-serial way, arithmetic operations have signi�cantly longer la-

tency, as shown in Table 2.2. Fortunately, the massively parallel operations that

memory arrays of digital PIM can perform, coupled with reduced data movement

between o�-chip and on-chip memory, outweigh the longer latency for performing

arithmetic operations, resulting in a performance advantage over the conventional

von Neumann architectures.

2.7.3 Applications Leveraging PIM

Previous studies explored PIM for various applications, especially those that

deal with a large amount of data, as shown by Imani et al. (2018, 2019b). A work

by Chi et al. (2016); Zhang et al. (2020b); Song et al. (2017); Sha�ee et al. (2016);

Imani et al. (2019a) proposed a novel PIM architecture to accelerate neural network

applications. The use of PIM in neural networks is also explored by Angizi et al.

(2019), who compared both analog- and digital-based PIM. Other studies by the

following authors explore PIM for accelerating graph applications: Dai et al. (2019);

Ahn et al. (2015a); Chen et al. (2022). Other applications include PIM for clustering

algorithms, as shown by Imani et al. (2020), PIM for blockchain, as indicated by Wang

et al. (2020), and PIM for visualization systems, as demonstrated by Li et al. (2020b).

However, limited work explores PIM in HPC and scienti�c computing applications.

For example, the work by Asifuzzaman et al. (2023) investigated the advantage of PIM

in HPC kernels. In addition, none of the works explore dG-based wave simulation on

PIM.
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Chapter 3: Methodology

This chapter explicitly explains how the research in this dissertation was con-

ducted. It describes the methods, the hardware platform, the software libraries, and

the tools used during the study. First, the CPU codes for wave simulation and how

these codes are transformed into GPU and PIM codes are explained (Section 3.1). It

describes the origin of the CPU code, the e�ort to transform and optimize the codes

to run on the target hardware, and the strategy to verify the results. Next, the hard-

ware platform where the experiments run is discussed in detail (Section 3.2). This

includes the computing resources provided by the Texas Advanced Computing Center

(TACC), the Maverick2 and the Longhorn clusters, and the purpose-built desktop.

Next, since there is no actual hardware available, the experiment with PIM is

done by simulating the PIM model on cycle-accurate PIM simulation (Section 3.3).

This includes a brief explanation of the cycle-accurate PIM simulator, the non-volatile

memory models, the energy models, the PIM hardware con�gurations, and the process

node scaling. Finally, the computing libraries and measurement tools are described

(Section 3.4), which includes the tools to obtain performance and energy from the

real hardware and the libraries used to compile and run the wave simulations.

3.1 Wave Simulation Code Base

The research collaborators gave the wave simulation codes investigated in this

dissertation. The code base is proprietary and closed-source. However, for the re-

search, I have access to the high-level language of the source codes. It is written

in C++ and utilizes Cmakebuild system to generate themakefile , which is then

used to compile the wave simulation applications, using either Intel compiler or GNU

compiler. The codes have several third-party libraries as their dependencies. The two

most notable ones are thep4est as adaptive mesh re�nement library (Section 2.4.1)
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and the message-passing interface library (Section 2.4.2). The application can run

large-scale acoustic and elastic wave simulations using these two libraries across mul-

tiple compute nodes and processors. However, the codes do not support acceleration

using GPU or PIM; they can only run on the CPU, and hence, they are called CPU

codes throughout this dissertation. Accelerating the wave simulations using GPU

and PIM are the main objectives of this dissertation.

3.1.1 CPU Codes Examination

The �rst step of the research is to investigate the CPU codes profoundly. This

includes examining the data structures, the simulation 
ows, and the data 
ows. In

addition, the third-party libraries are also discussed since they are tightly coupled

to the CPU codes; the application has many function calls to these libraries. While

the MPI has support for GPU acceleration (Section 2.4.2.4), thep4est does not.

Therefore, plans must be made to bring GPU support top4est for developing the

GPU implementation, as discussed in Chapter 5. For PIM implementation discussed

in Chapter 7, it does not deal with these third-party libraries since most stu� in

PIM is done manually, and no compiler is available yet. In addition, there is no

plan to support multi-chip and multi-node on PIM; thus, there is no need for a

message-passing library. The investigation of the wave simulation CPU codes is brie
y

discussed in Chapter 4 with a deep dive in Appendix B.

3.1.2 Porting and Optimizing Codes

After thoroughly studying the CPU codes, the GPU implementation can be

developed by adapting the data 
ow and simulation 
ow, discussed in Section 4.3.

The approach for developing the basic GPU implementation is to use most of the code

base and perform modi�cations to make it more suitable to run on GPU, extracting

as much parallelism as possible. The mesh structure and elements are still initialized

on the CPU, usingp4est functions, and are copied to the GPU memory. After that,
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it follows the simulation 
ow as the CPU code, except, that instead of launching the

simulation kernel on the CPU, the kernel is launched on the GPU. Some modi�cations

are done to the GPU kernels, and serial iterations over the elements are replaced by

parallel executions of all elements. Some of thep4est functions are no longer relevant

for GPU execution, and thus, they are replaced with strategies to achieve the same

functions but are more GPU-friendly. In addition, multi-GPU support is added by

adding methods to run the inter-GPU data exchanges and synchronizations. These

are not straightforward processes and need meticulous e�orts to successfully port the

CPU code to run on GPU.

Developing the basic GPU codes is one thing; running the codes to take as

much performance out of the GPU is another thing. The basic GPU codes are char-

acterized using pro�ling tools by collecting hardware metrics. The characterization is

important to investigate their behavior when being executed on GPU and identify the

critical performance bottlenecks. Then, hardware-aware optimization strategies are

planned and applied to develop more optimized GPU codes. Optimizations are done

in steps, where the pro�ling is always done before moving to the next step to ensure

the codes' updated behavior is considered when applying subsequent optimizations.

Developing PIM codes takes a di�erent approach since there is no compiler

to transform high-level language into low-level machine language. While the PIM

codes still follow the CPU codes' simulation and data 
ow, all the work is done

manually, from storing the data into the memory cells, generating instructions to run

the execution, and managing the data movement within the PIM chip. The kernel

execution 
ows receive some modi�cations to adapt to the row-parallel execution of

PIM, extracting as much parallelism as possible. As with the GPU code, optimization

techniques are developed after characterizing the basic PIM code, aiming to get more

performance out of the PIM hardware. While multi-PIM runs are not considered,

a technique is developed to let the PIM chip handle larger problem sizes that were

previously impossible due to insu�cient memory. Other techniques are also developed

to increase the parallelism and the throughput of wave simulation running on PIM.
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3.1.3 Results Veri�cation

While having better performance and energy e�ciency over the CPU codes

are the primary targets for developing GPU and PIM implementations, the accuracy

of the results is also essential. At the end of the simulations, the CPU code outputs

the L2 error and the ranges of the computed solutions as part of diagnostic and

reporting shown in Figures B.3 and B.4. The GPU codes also have diagnostic and

reporting by copying the simulation results from GPU memory to CPU memory and

running the same functions on the CPU to calculate theL2 error and the ranges of

solutions. Comparing these values can ensure that CPU and GPU codes have the

same functionality and results when running for a long simulation time. With the

optimization of the GPU code done in steps, the result is also veri�ed when any

changes are made to the GPU code to ensure any problems that lead to incorrect

results can be identi�ed and solved as early as possible.

More thorough veri�cation is done to compare each numerical value generated

at the end of the simulations, as shown in Figure 3.1. First, the CPU codes run for

several steps, and the numerical data is dumped into the disk as binary reference

data. Then, the GPU codes run using the same con�gurations as the CPU codes and

generate numerical data. At the end of the simulation, the GPU data is copied to the

CPU memory, and using the binary reference data, all of the respective values are

compared. Doing an exact comparison of 
oating-point numbers is impossible since


oating-point operations are not commutative when done on computers. Instead,

a very small number� is de�ned as an acceptable range of di�erences between the

values obtained from CPU and GPU codes.

Since the actual hardware is unavailable for PIM codes, the cycle-accurate PIM

simulator is used (Section 3.3.1). This cycle-accurate simulator does not perform

operations on the actual data; instead, it only gives the accurate cycles of all the

operations as if they are performed on the actual data. Therefore, comparing the

result at the end of the simulations, either throughL2 error, range of computed
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Figure 3.1: High-level execution diagram of the wave simulations to compare the
results from the GPU codes with the CPU code for veri�cation. First, the CPU
codes run for several time steps, and at the end of the time steps, the binary data
is dumped as a reference into the disk. Then, the GPU codes run for the same time
steps, and the results are veri�ed against the reference binary data.
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